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ABSTRACT
The fluid flow in the annular gap in oilwells is a complex 
problem. The geometry of the annulus is customarily simplified 
to concentric annular flow. In this study, a fiuid flow model is
developed allowing annulus to be eccentric: inner pipe located
anywhere in the annulus. Thus, a more realistic representation of 
the actual geometry is obtained.
An equation of motion that defines flow of non-Newtonian 
fluids in eccentric annuli is derived. A numerical solution of this 
equation is presented. The velocity profiles, the viscosity
profiles, and the flow rate vs frictional pressure loss gradient
relationship are calculated for varying eccentricities. The 
velocity profiles, and the viscosity profiles are compared to 
widely used substitutes: the average velocity and the apparent 
viscosity, respectively. A correlation based on the model 
generated data is developed that permits for an easy calculation 
of the frictional pressure losses in eccentric annuli.
Generally neglected eccentricity is introduced to two 
problems of petroleum engineering: surge pressure calculations 
and displacement of a gas kick in solution in an oil-base mud. The 
results are found to be a strong function of eccentricity.
IX
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CHAPTER I 
INTRODUCTION
A common assumption for annular flow used in the petroleum 
industry is that the inner pipe is concentrically located inside the 
flow geometry: however, this is rarely the case, even in slightly 
deviated wells. For example, in a 12.25 in. diameter hole with 
only one degree of deviation from vertical, a 4.5 in. OD drillpipe 
will become fully eccentric (drillpipe touching the borehole) 
before it reaches the depth of 20 ft. Since it is impossible in 
conventional drilling to keep the inclination of a hole perfectly 
vertical, the position of pipe in the hole will invariably change 
and be eccentric. Figure 1.1 shows a possible positioning of a 
drillpipe in an oil well and suggests that any fluid flow in the 
annular space between the pipe and the hole is a 3-dimensional 
problem. This 3-D problem is extremely difficult to solve 
because;
a. the exact location of inner pipe as a function of depth 
can not be determined.
b. the equations that define fluid flow in such a geometry 
are very complex, and consequently their solution is 
rather lengthy.
Therefore, annular flow in oil wells is traditionally reduced 
to a 1-D problem assuming a concentric annulus (Fig. 1.2a):
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
a. the position of the pipe is not a function of depth.
b. the pipe is always centered in the annulus.
In this case, The equation of motion is quite simple and with 
a slot flow approximation of the annular geometry (explained in 
Chapter II), an analytical solution to the problem can be obtained.
0
Fig. 1.1 Position of a pipe string in an oil well
A less idealistic approach may be obtained by removing the 
second assumption of 1-D case. If the Inner pipe Is allowed to be 
anywhere in the annulus, the problem Is then 2-D (Fig. 1.2b), and
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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(a) (b)
Fig. 1.2 Position of a pipe string in: (a) concentric annulus
(b) eccentric annulus
the equation of motion in this case can be solved numerically. 
This solution may be quite realistic in directional and horizontal 
wells. Considering the increasing number of such wells, the flow 
behavior of drilling fluids and cement slurries in eccentric 
annulus is gaining interest. This 2-D problem of fluid flow in an 
annulus will be investigated in this study. The location of the 
inner pipe In the annular space will be specified with variable 
eccentricity. Before further discussion, one must define 
eccentricity.
Eccentricity is defined as a dimensionless number, e, which 
is equal to zero for a concentric annulus and is equal to one for a 
fully eccentric annulus. A schematic of an eccentric annulus is 
shown in Fig. 1.3. The eccentricity is given by
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
where e = eccentricity, dimensionless
S = distance between the centers of inner and outer
pipes, L 
d„ = outer pipe diameter, L
dj = inner pipe diameter, L
In directional drilling or cementing operations where the 
inner pipe coupling or centralizer is assumed to be touching the 
outer pipe or borehole, the eccentricity is calculated as
e = dojLA. (1.2)
do - di
where d̂  = diameter of coupling or centralizer, L
Fig. 1.3 Eccentric annular geometry
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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In many areas of petroleum engineering, accurate predictions 
of velocity, viscosity profiles, and frictional pressure loss 
gradients across the annulus are needed. Accounting for 
eccentricity will enhance the accuracy of numerous mathematical 
models used in drilling hydraulics since many of these models 
depend heavily upon the velocity profile and the frictional 
pressure losses in the annulus. Such problems as cuttings 
transport, surge pressure calculations, displacement of kicks 
from the bottom of the hole to the surface, and mud displacement 
in cementing operations, etc. are all dependent on a satisfactory 
description of annular flow.
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CHAPTER II 
LITERATURE REVIEW
Lamb (1932) was the first to derive an equation that related 
flow rate and frictional pressure drop for laminar, steady-state 
flow of Newtonian fluids in a concentric annulus. Lamb's equation 
is:
Q = _E_AEl 
8n a L
.  -  k  • ' i f
In S
(2 .1)
where Q = flow rate,
\L = viscosity, M L'^
= frictional pressure loss gradient, M L'^
AL
r̂ j = radius of inner pipe, L
r, = radius of outer pipe, L
S = pipe radius ratio, dimensionless
Fredrickson and Bird (1958), in their well-known study, 
analyzed non-Newtonian fluids, namely, Bingham plastic and 
Power law in concentric annulus. The relationship between flow 
rate and frictional pressure gradient was published in the form of 
a set of graphs for a complete solution. Also, an analytical 
solution was derived for a slot flow approximation (Fig. 2.1) for a 
concentric annulus which is considered to be reasonably accurate
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(a)
1
h = ro - n
(b)
Fig. 2.1 Representing the concentric annulus as a slot:
(a) annular, (b) equivalent slot
for r/r^ > 0.3 (Bourgoyne, 1986). These equations for Bingham 
plastic and Power law fluids are, respectively:
Q = - s P [ l  +
8pp AL 2 \1 - S/ 2 11 - S/ .
Q = -.?rg (APi
1_ j. 2 ' AL 2K 
n








= yield point, M L'^
= plastic viscosity, M  L'^
= consistency index, M L'^
= flow behavior index, dimensionless
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Later came the eccentric annular flow studies which chose 
one of the two basic approaches to the problem;
1. approximation of vccentric annular geometry with a 
narrow slot
2. complete definition of eccentric annular geometry in 
bipolar coordinates
An early study in this area was done by Tao and Donovan 
(1955). In this experimental and theoretical work, flow of 
Newtonian fluids in an eccentric annulus with and without 
rotation of the inner pipe are addressed. In the theoretical part of 
the work, several simplifying assumptions are made, some of 
which led to incorrect flow rate predictions. Tao and Donovan 
approximated the eccentric annulus with a slot of variable height 
(Fig. 2.2). The first source of error is the expression used to 
define the variable slot height, h, given by:
h =(ro - rj)(l + e cose) (2.4)
where h = slot height, L
Tq = radius of inner pipe, L
rj = radius of outer pipe, L
e = eccentricity, dimensionless
0 = eccentricity angle defined in Fig. 2.2, degree
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(a) (b)
Fig. 2.2 Representing the eccentric annulus as a slot: 
(a) annular (b) equivalent slot
The assumption in the above equation is that both the radial 
clearance, r^-rj, and the eccentricity, e, are small, limiting its 
use significantly. The second source of error, even more 
important, is that the equation of fluid motion used by Tao and 
Donovan was valid only for coricentric annular flow. That is shear 
stress was assumed to occur in one dimension only. In Cartesian 
coordinates, it is:
5Xyz _ APf 
dy AL
(2.5)
Figure 2.3 shows the slot flow approach to concentric and 
eccentric annular flow with the valid equations of motion in each






Fig. 2.3 The equation of motion in: (a) concentric annulus 
(b) eccentric annulus
case. In other words, Tao and Donovan, like many other 
researchers to follow, accounted for shear only in the y-direction 
while ignoring shear in the x-direction that certainly exists in 
eccentric annular flow.
In 1959, Heyda presented a technique to calculate velocity 
profiles for Newtonian fluids in eccentric annulus employing the 
appropriate equation of motion.
'̂Cxz ^ dZyz _ APf 
9x dy AL
(2 .6)
Utilizing bipolar coordinates, which is the most suitable 
coordinate system to represent eccentric annular geometry (see
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Chapter III for information on bipolar coordinates), and the 
Green's function, Heyda obtained the velocity profile in the form 
of an infinite series. He made no attempt to obtain the 
corresponding flow raies. Three years later, Redberger and 
Charles (1962) applied the finite differences technique to solve 
the differential equation of motion for the velocity profile. This 
was numerically integrated to arrive at the relationship for flow 
rate vs frictional pressure loss gradient. Their velocity profile 
agreed with Heyda's analytical solution. Snyder and Goldstein 
(1965) also analyzed Newtonian fluid flow in an eccentric annulus 
using a technique similar to Heyda's. Making use of the velocity 
profile, they developed expressions for shear stress at the inner 
and outer pipe walls and related these to friction factor 
calculations.
In the meantime, Vaughn (1965) was the first to pursue a 
solution for non-Newtonian (Power law) fluid flow with a slot 
flow approximation of an eccentric annulus. Unfortunately, his 
variable slot height equation (Eq. 2.4) and the equation of motion 
(Eq. 2.5) was the same as Tao and Donovan's. Therefore, he also 
concluded an erroneous flow rate vs frictional pressure loss 
gradient relation. In 1973, Mitsuishi and Aoyagi experimented 
with non-Newtonian solutions in small scale eccentric annuli. 
They confirmed that the frictional pressure loss in an eccentric 
annulus decreases as the eccentricity increases for a fixed flow 
rate. The further evidence of this behavior is also found in 
experimental studies of turbulent flow of Newtonian fluids in
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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eccentric annuli (Dodge, 1963; Jonsson and Sparrow, 1966). 
Dodge ran experiments using pipe diameter ratios of 0.875, 0.750 
and 0.688 with eccentricities ranging 0. to 1. In the Reynoids- 
number range of 20,000 to 100,000. The experimental data show 
that the frictional pressure loss is reduced as eccentricity 
increases for a constant Reynolds-number. Jonsson and Sparrow 
have also used an experimental apparatus to measure frictional 
pressure losses in the Reynolds-number range of 18,000 to 
180,000. The experimental apparatus consisted of an outer pipe 
of 4.08 in. and inner pipes of 3.004, 2.248 and 1.124 inches. They 
had measured frictional pressure losses and point velocities. 
Jonsson and Sparrow reported "for a fixed diameter ratio and 
Reynolds number, the friction factor decreases with increasing 
eccentricity." With their laminar flow experiments, Mitsuishi 
and Aoyagi also observed that increasing non-Newtonian behavior 
slows the rate of decreasing frictional pressure drop as 
eccentricity increases.
Guckes (1975) presented one of the better studies in the area. 
Adopting bipolar coordinates and the finite difference technique, 
he solved the equation of motion (Eq. 2.6) for occentric annular 
flow of a Power law and a Bingham plastic fluid. Velocity 
profiles are numerically integrated over the annular area to 
obtain a relationship between flow rate and frictional pressure 
gradient; however, the computational difficulties and instability 
of the computer model at high eccentricities limited the range of 
study.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Six years after Guckes, !yoho and Azar (1981) presented an 
analytical solution of Power law fluid flow in an eccentric 
annulus claiming to avoid Vaughn's simplifying assumptions so 
that their velocity profiles are comparable in accuracy with the 
studies done by previous investigators using bipolar coordinates 
and iterative numerical methods. In fact, they corrected the 
inaccurate form of the variable slot height used by Tao and 
Donovan and Vaughn, lyoho and Azar derived a complete equation 
for variable slot height
h = (rp - c? sin^ejs - r; + e c cose (2.7)
where c = r^-rj
However, their equation of motion (Eq. 2.5) was still 
incorrect resulting in the calculation of unacceptably high 
velocities, more than 100 % in error in some cases.
Two recent studies by Luo and Peden (1987) and Liner et al 
(1989) also used the slot flow approximation. Liner at a! adopt 
an approach similar to lyoho and Azar's study with some 
modifications to the equivalent slot calculations while Luo and 
Peden use a slot with a varying outer radius instead of varying 
the inner radius. Both studies also employ the equation of motion 
(Eq. 2.5) for concentric annular flow in eccentric annulus, and 
therefore result in error.
Primarily, this literature review shows that all analytical 
solution attempts, approximating an eccentric annulus with an
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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equivalent slot, have fallen short mainly because they used the 
incorrect equation of motion (Table 2.1). Unfortunately, when the 
appropriate equation of motion (Eq. 2.6) is applied to the slot 
flow approximation of eccentric annular geometry, a closed form 
mathematical solution does not yield, leaving one choice: a 
numerical solution. In that case, the bipolar coordinate system is 
used to exactly define the eccentric annular geometry rather than 
approximating it with a slot.
The flow of non-Newtonian fluids in eccentric annulus must 
be investigated for a full range of eccentricities and pipe radius 
ratios. In this dissertation, a numerical solution of the equation 
of motion for eccentric annulus in bipolar coordinates with a 
three-constant rheological model (the Yield-Power law) that 
matches drilling mud and cement slurry behavior is developed. 
The flow rate vs frictional pressure gradient relationship is 
presented and, more importantly, the velocity and the viscosity 
distributions that provide invaluable insight to all annular flow 
related drilling engineering problems are discussed.
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3.1 Derivation of the Equation of Motion
This chapter provides an analysis of the steady-state laminar 
flow of incompressible fluids in an eccentric annulus. For 
simplicity, a Cartesian coordinate system will be used to develop 
the governing equation of motion. However, the equation obtained 
here will be transformed into bipolar coordinates later to help 
define eccentric annular geometry. Flow is in the L-direction and 
fully developed; that is, it is not influenced by entrance effects, 
and the velocity profile does not vary along the axis of flow. 
Consider a cubical fluid element having dimensions Ax, Ay, and AL 
(Fig. 3.1). By applying Newton's law of motion to the fluid 
element, a relationship between shear stress, x, and frictional 
pressure drop, AP^/AL, is derived. The forces acting on the fluid 
element are shown in Fig. 3.1. The force F̂  is applied by the fluid 
pressure and given by:
F i = ( p - ^ ^ ) A x A y  (3.1)
P is the pressure in the center of the cube, and the sign 
convention in Fig. 3.1 is being used. Similarly, the force Fg
16






 forces acting on a fluid element




The frictional forces on the sides of the cube exerted by the 
adjacent fluid elements are
3tyL Ay)
ay 2 I
Fs= T y L - ^ ^ l A x  AL (3.3)
Ax AL
Fs= |txL - Ay AL
(3.4)
(3.5)
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Fs=(txu + - ^ ^ )  AyAL (3.6)
The usual method of Identification of shear stress Is used in the 
above equations. The first subscript Is the direction of the axis 
to which the plane of action of shear stress is normal, and the 
second subscript is the direction of action of shear stress. The 
sum of the forces acting on the fluid element must equal zero 
because the flow is in a steady state, and the fluid element is 
moving at constant velocity In the L-direction.
Fi - F2 +F3 - F4 +F5 - Fe = 0 (3.7)
When Eqs. 3.1-3.6 are substituted into Eq. 3.7, and simplified, the 
result is:
Shear stresses are defined as (Welty, 1984):
Since the flow Is in the L-direction only
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Vx = Vy = 0, VL#0 (3.11)
which simplifies shear stresses to:
= (3.12)
9x
T ,L  =  -  H ^  ( 3 . 1 3 )
8y




9x \ dxf  9y By I
Since there is only one non-zero velocity component in Eq. 3.14, 
the subscript l  may be ignored. Also, the frictional pressure loss 
gradient term will be expressed as APj/AL from now on since it 
is a constant. The general form of the equation of motion in a 
cartesian coordinate system is, therefore,:
Equation 3.15 is very similar to a simplified version of the 
Navier-Stokes equation except that the viscosity term here is not 
taken out of the derivative since it is not necessarily a constant.
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•q =  5jc/3
q =  4jc/3
q = 0 q = 0
e =  1
•3 /4 e = 3/4
=  7C/3
E = 0
Fig. 3.2 Bipolar coordinate system
3.2 Bipolar Coordinate System
Eccentric annular geometry is best defined in a bipolar 
coordinate system, which consists of two orthogonal families of 
circles, e and n (Fig 3.2). The walls of an eccentric annulus are 
represented by two constant values of e while n, varying from 0 
to 271, scans the eccentric annulus (Fig 3.3). L is the third axis 
which is perpendicular to e and n- The relationships needed to 
transform from Cartesian coordinates to bipolar coordinates are 
given by (Speigel, 1968):
X = a sirih e
cosh e - cos Ti
(3.16)
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asiirn  
cosh e - cos Î1
L = L
whore a = Tj birih Ej = fo sitih Eo






Fig. 3.3 Eccentric annulus in bipolar coordinates
The expressions to compute Ej and are (Guckes, 1973): 
(1 + S) - e2 (1 - S)Ei = cosh'^
a e S
(3.20)
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( 1 + s) - ©- ( 1 - s)
a e (3.21)
where e = eccentricity, dimensionless 
S = pipe radius ratio, L
3.3 Transformation of the Equation of Motion to Bipolar 
£iûflldilialÊS
The equation of motion, Eq. 3.15, in Cartesian coordinates 
was previously developed. Transformation of the equation to 
bipolar coordinates allows the eccentric annular geometry to be 
handled. Details of the transformation are provided in Appendix 
A, and the final form of the transformed equation of motion in 
bipolar coordinates is
where \ | /= cosh e - cos ti (eo <e< e|, 0 < t i<27c ) (3.23)
The next step is to define p, where a rheological model is 
selected.
3.4 Rheological Model
Drilling muds and cement slurries, known to be non- 
Newtonian fluids, are the two most common groups of fluids that








3 Power law 
*  Actual
Shear Rate
Fig. 3.4 Rheological models and the flow behavior of drilling 
fluids and the cement slurries
are encountered in annular flow by petroleum engineers. The 
shear rate vs shear stress relationship of these fluids and the 
performance of some rheological models in defining the actual 
flow behavior of these fluids is shown in Fig. 3.4. Bingham 
plastic and Power law models, widely used in the petroleum 
industry because of their simplicity, are limited in their ability 
to define the actual flow behavior of drilling muds and cement 
slurries. Both drilling muds and cement slurries are pseudo- 
plastic fluids with a yield point (Denis, 1987; Zamora, 1974) and
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display an intermediate behavior when compared to Bingham 
plastic and Power law models. The Herschel and Bulkley (1926)
rheological model, also called the Yield-Power law model, closely
matches the flow behavior of the fluids in question; and,
therefore, will be used in this study.
3.4.1 The Yisld-Power Law Model
The Yield-Power law formulation of shear rate-shear stress 
relationship is defined as:
T = To + Ky" (3.24)
where x = shear stress, M  L'  ̂T -
Xq = yield point, M L'^
K = consistency index, M L'^
n = flow behavior index, dimensionless
Y = shear rate, T'^
The determination of the model constants, x ,̂ n, and K, for a 
Yield-Power law fluid is unfortunately not as easy as two 
constant models such as Bingham plastic and Power law. The 
exact analytical equations to calculate Yieid-Power law model 
constants directly from a standard rotational viscometer data do 
not exist unless the yield point of the fluid is known. Then, to 
calculate n and K, Power law model equations need to be shifted 
by an amount equal to the zero rpm reading, 8q (yield point, x ,̂ in 
lb/100 ft  ̂ is numerically equal to the viscometer dial reading at
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zero rpm) (Zamora, 1974):
n = 3.322 logK o P - ' ( 3. 25)
\ 0 3 OO ■ 0 0 /
K  =  5 1 0 (6 3 0 0 - 60) (3.26)
511"
where 8300 and Bgoo are the rotational viscometer dial readings at 
300 rpm and 600 rpm, respectively. Even though the literature 
(Zamora, 1974; Imco, 1983) recommends the substitution of zero 
or 3 rpm dial reading for yield point for such fluids, making 
measurements at low shear rates with a standard rotational 
viscometer is probably not ideal because the fluid in the 
viscometer annular gap between the rotor and the bob may not be 
totally sheared. The dial readings measured at higher shear rates 
(preferably above 100  sec*"') may be fit with a non-linear least 
square regressional analysis and extrapolated to a yield point.
The Yield-Power law model combines both the Bingham 
plastic and Power-law models. It reduces to the Bingham plastic 
model when flow behavior index, n, is equal to one, and to the 
Power-law model when yield point, Tq, is equal to zero. 
Viscosity, p, is a function of shear rate and defined as
H = I  (3.27)
By manipulating Eq. 3.24, the non-Newtonian viscosity of the
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Yield-Power-law fluids mav be exoressed as:
(3.28)





In bipolar coordinates, with a similar transformation technique 
(see appendix A), it can be written as:
Y = (3.30)







When the above equation is substituted into Eq. 3.22, The 
governing equation of motion for the Yield-Power law fluids in 
eccentric annulus is derived. Before solving this cumbersome 
equation, dimensionless parameters are introduced to simplify
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
27
the equation and make the solution more general.
3.5 Dimensional Analysis
Let us introduce two dimensionless groups, namely, 
dimensionless velocity and dimensionless frictional pressure 
loss gradient. They are defined as:
V d  Ï - —  (3.32)
/= (â E l)  iL   (3.33)
Ip" <o" *V
The velocity profile of laminar flowing fluids is independent of 
density. However, a dummy term, p, which has units of density is 
included in dimensionless groups so that dimensionless velocity 
is not a direct function of AP^ML. With this set of dimensionless 
groups, we will be able to evaluate constant flow rate cases. 
Obviously, the final solution will be independent of the value of p.
Substituting the above Eqs. 3.32 and 3.33 into Eq. 3.22 with 
Eq. 3.31, a dimensionless form of the governing equation of 
motion is obtained. The intermediate steps of this derivation are 
provided in Appendix B. After dimensional analysis, the equation 
of motion becomes
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(3.34)
and allows for the following dimensionless groups:
^P = ( p ; L ! ^ ) 2 - V  = ? s in h
K









de U n /
(3.37)
Now the equation of motion, Eq. 3.34, needs to be solved for 
dimensionless velocity and viscosity profiles, and this velocity 
profile can be numerically integrated to obtain a dimensionless 
flow rate defined as
(3.38)
then
Q = r§ (—̂ | 2-n Qd 
\P rSf
(3.39)
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A solution technique to this mathematical model is presented 
in the next chapter.
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CHAPTER IV
NUMERICAL MODEL
A numerical model based on a finite difference calculation 
technique will be developed to solve the equation of motion (Eq. 
3.34). Many techniques such as the discretization method and the 
solution of the algebraic equations used in this chapter are given 
by Patankar (1983).
In an eccentric annulus, the axis that goes through the center 
points of the inner and outer pipes is the line-of-symmetry which 
divides the velocity profile into two identical parts. Therefore, 
we shall solve for the velocity profile only in one half of the 
eccentric annulus to keep the calculations to a minimum. In order 
to apply the finite difference technique, the annular region will 
be subdivided into a grid network. Figure 4.1 shows the grid 
network in bipolar coordinates and the transformed coordinates. 
The convenience of this transformation is that the eccentric 
annular region may be treated as a rectangular region which is 
much easier to handle with the finite difference methods. Here 
we will present a numerical solution of the equation of motion 
so that the distribution of velocity, Vg, can be constructed. The 
numerical method replaces the continuous information contained 
in the exact solution of the differential equation with discrete 
values.
30












Fig. 4.1 Eccentric annulus in: (a) bipolar coordinates 
(b) transformed coordinates
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4.1 Discretization of the Equation of Motion
A discretization equation, an algebraic relationship relating 
the values of velocity, will be derived from the differential 
equation of motion and thus will express the same physical 
information as the differential equation itself. A discretization 
method called control-volume formulation will be used such that 
the resulting discretization will be consistent over a small 
region surrounding a grid point. Now, let us recall the 
transformed equation of motion before we start discretization;
/sinh Eof ^ . a 3 / ,_3v|
To derive the discretization equation, the grid-point cluster 
shown in Fig. 4.2 is used. Attention is focused on the grid-point, 
P, which has the grid-points N, E, S, and W as its neighbors. The 
dashed lines show the face of the control-volume. The subscript 
D (denoting the dimensionless parameters) will be ignored from 
now on to keep the length of the equation to a minimum. 
Integration over the control-volume results in:
j  j ( ^ ^ 1  j (4, 2)
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Fig. 4.2 Grid-point cluster
A profile assumption is necessary at this point. The piecewise- 
linear profile will be used between grid-points. Figure 4.3 shows 
the piecewise-linear profile of velocity in T i-d ire c tio n . 
Evaluating the derivatives in Eq. 4.2, using the piecewise-profile, 
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Fig. 4.3 Piecewise-linear profile
It is convenient to cast the discretization equation into the 
following form;
O p V p  =  c n V'n  +O teV s + cxeV e + a w V w  + P (4.4)
Further expansion of Eq. 4.3 and grouping of its terms as in Eq. 
4.4, defines the discretization equation constants,




CXs =  |is  —
5es
(4.6)
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Oe= ^ e- ^  (4.7)
SrjE
cew = M-w-^  ̂ (4.8)
Snw
ap = Oh! + Os + ae + «W (4.9)
= An (4.10)P 
A set of discretization equations for non-Newtonian 
viscosity terms, f̂ s> f̂ E> ^md also needs to be derived. Note 
that velocities are calculated at the center of each grid while the 
viscosities will be computed at the control-volume faces. A 
similar technique to the above discretization procedure may be 
used to discretize the viscosity equation derived in Chapter III. 
The equation of non-Newtonian viscosity at the north face of the 
control-volume (from Eqs. 3.35 and 3.37) is:
PN = ^s in heo  + (— —— ) "  ̂ (4.11)
>1 Isinh Eo/
where tki = 9v\^
Noting the location of in Fig. 4.2, 9v/9e and 9 v /9ti need to be 
discretized. For example, the first derivative of velocity with 
respect to e for may simply be discretizated as:




In order to do the same for 3 v /3ti, the velocities on the upper 
right and left corners of the P grid are needed.
—  = ÿw - ve (4.13)
9ri Atip
vwandvE are calculated by averaging the velocities at the centers 
of the surrounding grids. Now, if Eqs. 4.12 and 4.13 are combined 
with 4.11, the viscosity term north of point P is derived.
^  sinh Eo + -1 (4.14)
Tn Isinh Eol
where >i =
V \ ôen / \ At]p I
The other viscosity terms may also be discretized in a similar 
manner.
4.2 The Boundary Conditions
Figure 4.4 shows the complete grid network of the eccentric 
annular region. The boundaries of the region are the inner pipe 
(Ej), the outer pipe (eJ, and the line-of-symmetry (%=0 and k). The
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boundary conditions, assuming no slip at the pipe walls, are;
V = 0 @e»=ejandeo (4.15)
and
9v
—  = 0 n = 0 and (4.16)
dn
These boundary conditions are implemented by setting the 
velocity, v, equal to zero along the rows 1 and M (where 
e = Go and e,, respectively) and setting the veiocities along the 
columns 1 and N equal to the velocities along the columns 2 and 
N-1, respectively ( 9 v /3 t i= 0 ) .  In Figure 4 .4 ,  the dashed lines show 
the controi-volumes. Note that the control-volumes near the pipe 
walls are smaller; thus, 5enS neighboring £■̂ and ôess neighboring 
will be only half of Ae.
4 . 3  Solution of the Discretized Equation
To solve for the velocity distribution in the grid network, an 
iterative method is used. We start from a guessed velocity field 
and use the discretization equation to obtain an improved field. 
This procedure is repeated until a solution sufficiently close to 
the correct solution is reached. However, many techniques may 
be implemented to solve the algebraic discretization equation, 
here, the line-by-line method is used. In this method a line (a
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row or a column) in the grid network is chosen at a time 
(Fig. 4.5). Using the latest values of the velocities along the 
neighboring lines, the velocities along the chosen line are 
updated. This procedure is used for all the lines (from column 2 
to N-1) in the ri-direction until the whole grid network is swept. 
Each sweeping of the grid network is called "one iteration" and 
yields an improved velocity profile.
For the solution of the velocities along the chosen lines, the 
Tri-Diagonal-Matrix Algorithm (TDMA) is employed. For 
convenience in presenting the algorithm, it is necessary to use a 
somewhat different nomenclature to express the discretization 
equation (Eq. 4.4). We restructure the Eq. 4.4 in the following 
form:
AjVj = BjVj+1 + CjVj.1 + Dj (4.17)
for J = 1, 2, 3, ... M. Points 1 and M represent the boundary points
on each line. To calculate the velocity, Vj, at any grid along the
chosen line, the information from surrounding grids is necessary. 
Vj+  ̂ and Vj.., are the neighboring grids along the same line. 
Constants Aj, Bj, and Cj contain information about grids P, N, and 
S, respectively, while the rest of the information from the 
neighboring lines and boundaries are collected in Dj. Rearranging 
the terms of the discretization equation in the form of equation 
4.17 defines the constants Aj, Bj, Cj and Dj,
Ai = ap (4.18)













Fig. 4.5 Line-by-line method
Bj = (%N
Cj = OCs




The velocities at the boundaries of the line are known. Now 
an expression defining the velocity neighboring the boundary in
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terms of the boundary velocity is needed (e.g. writing an 
expression for v^.i in terms of known v^). Therefore, we seek a 
relation
Vj = PjVj+1 + Qj (4.22)
This can also be written as;
Vj-1 = Pj-iVj + Qj-1 (4.23)
Substituting Eq. 4.23 into Eq. 4.17, we get:
AjVj = BjVj+1 + Cj (Pj-iVj + Qj-i) + Dj (4.24)
The above equation can be rearranged to appear like Eq. 4.22, to 
define the coefficients Pj and Qj,
Qi = 5 i ± 5 i 9 a  (4.26)
Aj - C jP j.,
These are recurrence relations because they give Pj and Qj in 
terms of Pj.., and Qj.,. In TDMA, all coefficient P's and Q's are 
calculated using the recurrence relations starting from the one 
end of the line. Once the other end of the line is reached, the
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"back-substitution” process can be started to calculate the 
velocities (Eq. 4.22) along the line using the previously computed 
P’s and Q's.
In summary, the procedure for calculating the velocity 
distribution is as follows:
1. Use Eq. 3.20 and 3.21 to calculate e; and
2. Determine A e and Aii based on the size of the grid network
3. Set coefficients P and 0  to zero at the boundaries ( e = E j  and e )̂
4. Guess a velocity field
5. Calculate a viscosity field (Eq. 4.14 and so on) based on the 
latest velocity field
6. Compute coefficients Aj, Bj, Cj and Dj using Eqs. 4.18-4.21
7. Use recurrence equations 4.25 and 4.26 to compute 
coefficients P and 0  from J=2 to M-1 for each column
8. Calculate a new velocity field employing Eq. 4.22 from J=M-1 
to 2 (back substitution)
9. Check for convergence comparing old and new velocity fields
10. Repeat from step 5 until the velocity field converges.
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CHAPTER V
RESULTS
A computer program in Fortran IV has been written to 
implement the numerical solution presented in chapter IV. A 
listing of the computer program can be found in appendix 0. Each 
run of this program takes anywhere from a few CPU sec. to over 
10 CPU min. on a time sharing option of an IBM 3090 depending on 
the viscous properties of the fluid and the size of the grid 
network. Trial runs have shown that a grid network of 30x20 is a 
practical minimum for fairly accurate results. As the gnd 
network is made finer, the flow rates predicted at a given 
frictional pressure loss will increase, approaching exact solution. 
However, beyond a 40x40 grid network, increases in flow rate are 
negligibly small. Heavily non-Newtonian fluids, especially those 
with high yield points, tend to take more computer time to 
achieve convergence. Before getting into further detail, the 
model predictions are verified at this point.
5.1 Model Verification
The calculated flow rate vs frictional pressure loss in 
concentric annulus are compared with existing analytical 
solutions of Newtonian flow (Lamb, 1932) and non-Newtonian 
flow. Power law and Bingham plastic (Fredrickson, 1958), and the
43
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results are in good agreement (within 0.5%). This simply shows 












Fig. 5.1 Model verification with CMC solution
Also, the experimental data published by Mitsuishi and Aoyagi 
(1973) are used to verify the model predictions in eccentric 
annuli. Using a small scale experimental set-up, these authors
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measured the frictional pressure losses of CMC, NEC, and MC 
solutions. The rheological behavior of these fluids is a best fit 
by the Sutterby model which is similar to the Yield-Power law 
model in the sense that it also models shear thinning behavior; 
however, the Sutterby model differs at very low shear rates 





Fig. 5.2 Model verification with HEC solution
Here, the equivalent Yield-Power law model parameters are
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determined for two of these fluids with a limiting viscosity 
restriction (Table 5.1), and the computer model predictions of 
frictional pressure losses agree well with the experimental data 
(Figs. 5.1 and 5.2).
Table 5.1 Fluid properties and geometry of eccentric annuli
Fluid type n K d  ̂ d, e
(d'less) (eq. cp) (Ib/ioofi^) (cp) (in.) (in.) (d'less)
3.92 wt% HEC 0.80 1613 0 1210 0.73 0.46 0.43
3.44 wt% CMC 0.91 4832 14.1 7150 0.60 0 .2 0  0.65
5.2 Velocity Profiles
Previous numerical studies (Redberger, 1962; Guckes, 1975) 
using bipolar coordinates have divided the eccentric annulus into 
uniformly distributed grids (constant length grids) in e and n 
directions. In this study, it is realized that at high 
eccentricities, a uniformly distributed grid network in bipolar 
coordinates yields an unrealistic distribution of grid points in 
physical coordinates. Figure 5.3a shows how grid points are 
concentrated in the narrow part of the annulus. Since there are 
very few rows of grids located in the wide part of the annulus.




Fig. 5.3 Distribution of grid points in bipolar coordinates: 
(a) uniform, (b) non-uniform
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where most of the flow takes place, the point velocity 
calculations become unstable and consequently inaccurate. To 
remedy this problem, a non-uniform grid point distribution in 
n-direction in bipolar coordinates is introduced in this study such 
that a more realistic distribution of grid points in physical 
coordinates is obtained (Fig. 5.3b). The algorithm developed 
(included in appendix C) allows for a uniform distribution of grid 
points in a concentric annulus but an exponential distribution in a 
fully eccentric annulus.
Let us now investigate the flow of a Yield-Power law fiuid 
with a flow behavior index, n, of 0.7 and a consistency index, K, of 
250 eq. cp and a yield point, Tq, of 5 lb/100 ft .̂ For a flow rate of 
200 gal/min, pipe diameters of 10 and 5 in., the velocity profile 
of the above fluid in a concentric annulus is shown in Fig. 5.4. 
Velocity contours are perfectly circular (contour lines in the 
figures representing fluid flow are not smooth because plots are 
generated by computer software after smooth data points in 
bipolar coordinates are extrapolated to a superimposed Cartesian 
grid network) around the pipes. The velocity of the fluid changes 
from zero near the walls to a maximum of 1.35 ft/s. This 
velocity profile is commonly represented ty  the average velocity 
which, in this case, is
Vavg = -----------  = ----------- ^ ----------- = 1.09 ft/s (5 .1 )
2.448 (d| - df) 2.448 (lo f- 5 )̂
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Fig. 5.5 The Yield-Power law fluid in
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The single value representation (average velocity) of this rather 
simple velocity profile is probably justified. However, as soon as 
the annulus becomes slightly eccentric, the velocity profile 
changes considerably (Fig. 5.5). The velocity in the narrowing 
part of the annulus is reduced because the resistance to flow is 
increased as the gap between two pipes decreases. Meanwhile, 
the fluid is rushing into the widening part of the annulus and 
already traveling at a maximum velocity of 1.91 ft/s while the 
maximum velocity in the narrow part of the annulus is down to 
0.56 ft/s. As eccentricity increases (Figs. 5.6 and 5.7), the flow 
pattern in Fig. 5.5 is more emphasized so that there is a high 
velocity plug (flat velocity profile) in the wide part of the 
annulus while a no flow (stagnant) region is created in the narrow 
part.
An accurate prediction of the velocity profile is needed for a 
successful design of mud displacement in cementing operations 
and cuttings transport in directional drilling. In both cases, the 
velocity of the fluids in the narrow part of the annulus is an 
important design criterion. The velocity profile is also needed to 
correctly predict the travel time of a kick from the bottom of the 
hole to the surface.
5.3 Viscositv Profiles
An important property cf non-Newtonian fluids is that 
viscosity is a function of shear rate. Then, the existence of a 
velocity profile implies that there is also a shear rate profile




Fig 5,6 The Yield-Power iaw fluid in ecoenfrio annuius e-0.5:





Fig. 5.7 The Yield-Power law fluid in eccentric annulus, e=0.75: 
(a) 3-D velocity profile, (b) 2-D velocity profile
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and, consequently, a viscosity profile. The local value of 
viscosity is significant to the drilling engineer in drilled cuttings 
transport phenomenon. An important parameter is the slip 
velocity of the cuttings which is directly proportional to the 
viscosity of the fluid. In the case of non-Newtonian fluids, the 
variation in viscosity behavior in the annular flow region should 
be taken into account such that accurate cutting slip behavior can 
be predicted and the entire phenomenon be better understood. 
However, just like single value representation of velocity profile, 
the viscosity profile of non-Newtonian fluids are also 
represented by a single value term called apparent viscosity 
(sometimes also called effective viscosity). The apparent 
viscosity equations for Power law and Bingham plastic fluids, 
respectively, in a concentric annulus are
144 Vavgl " \0 .0208/
= + (5.3)Vavg
Assume a Bingham Plastic fluid (n=1) with a plastic viscosity of 
25 cp and a yield point of 10 lb/100 ft^. For a flow rate of 200 
gal/min in a concentric annulus of pipe diameters of 10 and 7 in., 
respectively, the velocity profiles of this fluid are similar to the 
previous case already discussed (Figs. 5.8 and 5.9). Since the 
annular gap is smaller in this case the effect of eccentricity is




T he Bingham plastic fluia m
concentric annulus. e=0:
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(b)
Fig. 5.9 The Bingham plastic fluid in
eccentric annulus, e=0.4:
(a) 3-D velocity profile, (b) 2-D velocity profile
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more pronounced on the velocity profiles. Of more interest is the 
viscosity profile (Fig. 5.10) which looks similar to the velocity 
profile. The viscosity is lower near the pipes and higher in mid 
annulus. This is expected behavior of shear thinning fluids. A 
steep velocity profile near the walls (Fig. 5.8) is an indication of 
high shearing (lower viscosity) while a near flat velocity profile 
in mid annulus means low shearing (higher viscosity). The 
apparent viscosity calculated by Eq. 5.3 for this fluid is
lia = 25 + —5(10)(10 -7 )
1.6
= 119 cp (5.4)
Fig. 5.10 Viscosity profile of the Bingham plastic fluid in 
concentric annulus
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It is important, however, to note that the viscosity profile in 
most of the annulus is greater than 200 cp. Since most of the 
flow is in mid annulus (high velocity region), a large percentage 
of fluid is moving at a viscosity of 1000 cp or more. This is much 
higher than predicted by Eq. 5.4. This discrepancy between the 
actual viscosity profile and the apparent viscosities calculated
luid in mid annulus
CO
fluid near the walls
shear rate
hig. 5.11 A schematic of where fluids flows on shear curve
by Eqs. 5.2 and 5.3 consistently exist. The reason for it is that the 
apparent viscosity term is derived by simply equating frictional 
pressure loss equations of Newtonian and non-Newtonian fluids 
and solving for Newtonian viscosity. In other words, the apparent 
viscosity is actually the viscosity of an equivalent Newtonian
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009
Fig. 5.12 Viscosity profile of the Bingham plastic fluid in 
eccentric annulus, e=0.4
fluid that would exhibit the same frictional pressure loss 
gradient as the non-Newtonian fluid. Thus, the apparent viscosity 
has little to do with the actual viscosity behavior of the 
non-Newtonian fluids. The apparent viscosity concept may 
mislead the engineer to conclude that the fluid is flowing at a 
single point on a shear stress vs shear rate curve for a given flow 
rate. In fact, the elements of fluid experience a continuum of 
shear rates, dependent on its coordinates in the pipe. The 
viscosity profile in Fig. 5.10 shows that the fluid is flowing over 
a wide range of the shear curve (Fig. 5.11). Because the apparent
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viscosity is based on the frictional pressure loss gradient, it is 
always somewhere about the actual viscosities revealed near the 
pipe walls; therefore, underestimating overall viscosity behavior 
since most of the fluid travels in the mid annulus region.
When the velocity profile changes with eccentricity (Fig. 
5.9), the viscosity profile changes also (Fig. 5.12). Now, there are 
two high viscosity regions corresponding to two flat velocity 
profile regions: the first one being the high velocity region and 
the second the no flow region. It is interesting to note that at 
200 gal/min in a narrow annulus, much of the fluid is moving at
high viscosity without being sheared.
Table 5.2 Frictional pressure loss gradient data







5.4 Frictional Pressure Losses
At a constant flow rate, the frictional pressure losses in an 
annulus decrease with increasing eccentricity. The decrease in
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frictional pressure loss in the example case of the Yield-Power 
law fluid is presented in Table 5.2. R is the ratio of frictional 
pressure losses m eccentric annulus to concentric annulus. At an 
eccentricity of 0.95, frictional pressure loss is about 61% of 
what it was in concentric annular flow.
5.4.1 A Correlation of Frictional Pressure Loss
For P ow e r - l a w  fluids, using Eqs. 3.33 and 3.39, it can be 
shown that:
. .i-o J A P ir^ In Q ,
\AL K
(5.5)
For a given value of d /d g , n, e, the model calculates a 
dimensionless flow rate, Qq. and are the dimensionless 
flow rates for a concentric and an eccentric annulus, 
respectively. Evaluating a constant flow rate case, Eq. 5.5 can be 
written as
Q = [APf| rp3n+1
I a l /c K
" Q d< (5.6a)
and
Q = lel; K
3 r+1
" Qo e (5.6b)
Simultaneous solution of Eqs. 5.6a and 5.6b yields:
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W
R = Lékis. = [9 £ £ r
| APf| IQoe/
(5.7)
Now, R can be expressed in terms of the dimensionless flow rate 
oalculated by the computer model. For Power law fluids, R is a 
function of pipe diameter ratio, flow index behavior and 
eccentricity (Figs. 5.13-5.16).
These figures show that at a constant flow rate the 
frictional pressure losses decrease as eccentricity increases. As 
fluids are more shear thinning (decreasing n), their velocity 
profiles in the wide and narrow parts of the annulus become 
flatter; thus, inoreasing their overall viscosity. Consequently, 
these fluids are subject to less reduction in frictional pressure 
losses in eccentric annulus. It can also be seen in Figs. 5.13-5.16 
that reduction in frictional pressure loss is more substantial in 
narrower annulus (d/d^ approaching 1). When d/dg approaches 
zero (pipe flow), the effect of eccentricity on R diminishes as 
expected.
The data used to generate these figures are fitted with a 
simple equation using non-linear regressional analysis. The 
equation Is valid for eccentricities from 0 to 0.95 and pipe 
diameter ratios of 0.3 to 0.9 and flow behavior index of 0.4 to 1.0;




. \Q1852 /  . \Q2527
A  + 0 .9 6 e = V n ii
Ido/ ‘do/
(5.8)












0.0 0.2 0.4 0.6 0.8 1.0
Eccentricity
Fig. 5.13 Reduction in frictional pressure loss gradient in an 
annulus of pipe ratio of 0.9













0.0 0.2 OA 0.6 0.8 1.0
Eccentricity
Fig. 5.14 Reduction in frictional pressure loss gradient in an 
annulus of pipe ratio of 0.7












0.0 0.2 0.4 0.6 0.8 1.0
Eccentricity
Fig. 5.15 Reduction in frictional pressure ioss gradient in an 
annulus of pipe ratio of 0.5
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Fig. 5.16 Reduction in frictional pressure loss gradient in an 
annulus of pipe ratio of 0.3










0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1
R calculated from model
Fig. 5.17 Correlation accuracy
This correlation is accurate within ± 5% (Fig. 5.17). To predict 
frictional pressure loss gradient in an eccentric annulus, 
calculate the frictional pressure loss gradient in concentric 
annulus and R using Eq. 5.8, then:
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APfl
Similar correlations for Bingham plastic and Yield-Povvsr law 
fluids may also be constructed from the results of the model. 
However, the computing time will be considerably longer for such 
fluids.
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CHAPTER VI
APPLICATIONS
In Chapter V, the eccentric annular model developed in 
previous chapters was shown to predict velocity profiles, 
viscosity profiles, and frictional pressure losses of non- 
Newtonian fluids. This model can also be used as a base in 
simulating selected annular flow related drilling engineering 
problems, such as cuttings transport, kick displacement, surge 
pressure calculations, and simulation of casing reciprocation.
In this chapter two relatively simpler problems, the surge 
pressure calculation case and kick displacement case are 
investigated. The intention is to show how to apply the model and 
to introduce generally neglected eccentricity to the two 
problems. The first problem to be addressed is the surge 
pressure calculations caused by a closed-end pipe such as a 
casing string in a well. The second is the displacement of a gas 
kick in solution in an oil-base mud.
6.1 Su roe Pressure Calculations
Pulling or running a pipe string causes changes in the 
pressure exerted by the mud column on the open hole formations. 
Positive pressure surges created by running a casing string into 
the hole can fracture weak formations and cause lost circulation
68
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while negative pressure surges created by pulling a casing string 
can reduce bottom hole pressure such that fluid bearing 
formations can flow into the wellbore and cause well control 
problems. The need for calculating surge pressures has long been 
recognized in the industry and several steady-state (Burkhardt, 
1961; Shuch, 1964; Fontenot, 1974) and unsteady-state (Lubinski, 
1977; Lai, 1983; Mitchell, 1988a) models of this phenomenon 
exist in the literature.
In a comparative study of the steady-state and the unsteady- 
state models of surge pressure calculations, Mitchell (1988b) 
points out that the steady-state models are conservative in their 
prediction of surge pressure calculations because, unlike the 
unsteady-state models (also called dynamic models), several 
factors are not considered, such as fluid compressibility, fluid 
inertia, pipe longitudinal elasticity, and pipe distance off bottom. 
However, another factor that has not been included in either the 
steady-state or the unsteady-state models is the pipe 
eccentricity.
Because of the numerical nature of the model developed in 
this study, the application of the model to surge pressure 
calculations becomes rather simple. By simply changing the zero 
velocity boundary condition on the inner pipe to the velocity of 
the pipe, Vp, the velocity profiles and frictional pressure losses 
in concentric and eccentric annuli with inner pipe motion are 
calculated (Fig. 6.1). Thus, with this steady-state model, the 
effect of pipe eccentricity on surge pressures can be evaluated.
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. . p V=-Vp
i
r
Fig. 6.1 Velocity profile in an eccentric annulus 
while inner pipe is running into hole
6.1.1 Velocity Profiles and Frictional Pressure Loss Calculations 
with Inner Pipe Motion 
Let us assume that the Bingham plastic fluid (Pp=25 cp and 
Ty=10 Ib/IOOft^) used in the previous chapter is in a 10 in. 
diameter hole and a 7 in. casing string is being lowered. Then, the 
flow rate is equal to the rate of casing displacement:
Q = J  di Vp (6 .1)
where Q -  flow rate,
dj = inner pipe diameter, L
Vp = pipe velocity, L




Fig. 6.2 Velocity profile while inner pipe is moving at 0.5 ft/s: 
(a) concentric annulus, e=0, (b) eccentric annulus, e=G.4




Fig. 6.3 Velocity profile while inner pipe is moving at 1.0 ft/s: 
(a) concentric annulus, e=0, (b) eccentric annulus, e=0.4
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Figures 6.2 and 6.3 show the velocity profiles predicted by the 
model at concentric and eccentric annulus while the casing string 
is lowered at two different speeds. As can be seen, the pattern 
of the velocity profiles are quite similar to velocity profiles 
with no pipe motion (Figs. 5.8b and 5.9b). Even at relatively high 
casing lowering speeds (Vp=1 ft/s), the region of negative flow 
(the fluid clinging and flowing in the same direction as the 
casing) is extremely small. In the eccentric case, the region of 
negative flow slightly enlarges in the narrow part of the annulus 
because there is no positive flow to push it closer to the inner 
pipe. These types of velocity profiles can be utilized in the 
modelling of casing reciprocation as well. For surge pressure 
calculations, the frictional pressure loss is needed. Table 6.1 
presents the change in frictional pressure loss with varying 
eccentricity for the above fluid.
Table 6.1 Frictional pressure loss gradient data of the 
Bingham plastic fluid with inner pipe motion
e
(d'less)









0.00 0.01590 1.00 0.01850 1.00
0.40 0.01346 0.85 0.01560 0.84
0.80 0.01047 0.66 0.01182 0.64
This example1 shows a decrease of approximately 35%
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frictional pressure loss gradient for an eccentricity of 0.8 
relative to concentric pipe. For fluids with a yield point (Yield- 
Power law or Bingham plastic), the ratio of frictional pressure 
losses calculated in eccentric annulus to concentric annulus, R, is 
a weak function of pipe velocity, Vp. However, in case of Power 
law fluids, R remains independent of Vp as long as the flow is 
laminar. Therefore, the correlation developed (Eq. 5.8) in Chapter 
V is valid for surge pressure calculations also;
\Q8454 /  . \Q1852 / . \Q2527
R = 1  - 0 . 0 7 2 f ^  -1 .5 e " V n ^  +0.96e"Vn ^  (6.2)
*^ldo/ [dol Ido/
The existing surge pressure models can be extended to include 
pipe eccentricity by simply incorporating R into these models.
6.1.2 An Example_Calculation
In a directional well, a 7 in. casing string is being lowered at 
a speed of 0.5 ft/s into a 10 in. hole. The diameter of casing 
centralizers is 8.5 in. and the mud in the hole has a flow behavior 
index, n, of 0.8 and a consistency index, K, of 300 eq. cp. With a 
conventional concentric annular surge model, a frictional 
pressure loss gradient, APf/AL,  of 0.0122 psi/ft is predicted. 
Assuming the centralizers touching the low-side-of-the-hole, the 
eccentricity from Eq. 1.2 is
e = ..dc = 1Q_.- 8.5 = 0.5 (6.3)
d o -d i 1 0 - 7
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Using Eq. 6.2, R is calculated;
R = 1 - 0.033 - 0.314 4 0.09S = 0.751
then, the frictional pressure loss gradient in the directional
section of the well is
APij R  = 0.0122 X 0.751 = 0.0092 psi/ft
AL/e U l /c
Figs. 5.13-5.16 show change in R as a function of e, n, and d/dg.
For typical drilling fluids, surge pressure calculation using
concentric models may be very conservative (up to 100%) in
directional wells.
6.2 Displacement of a Gas Kick in Solution in an Oil-Base Mud 
When a gas kick is taken while circulating with an oil-base 
mud, high bottom hole pressures cause gas to go into solution in 
the liquid oil-base mud. In such cases, by the time a pit gain is 
detected, dangerously high volumes of gas may enter the well 
(when gas goes into solution the pit gain is slow since the mud 
expansion is small). As the mud is circulated out through a 
controlling choke, the pressures will decrease to a value below 
bubble point at some depth in the well causing gas to leave the 
solution. Therefore, the released gas displaces large volumes of 
mud from the hole, and decreases the bottom hole pressures to 
lower levels. After detection, the kick must be circulated out of
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the well through an adjustable choke at the surface while keeping 
the bottom hole pressure constant and slightly above the 
formation pressure. To achieve this, a knowledge of the location 
of the kick is needed such that an accurate pressure profile can 
be predicted.
Here a prototype kick displacement model is developed, 
accounting for the velocity profiles in an annulus. It is assumed 
that all the gas entering the well goes into solution. The gas 
contaminated region of the oil-base mud is assumed to have the 
same viscous properties as the uncontaminated region and the 
single phase velocity profiles can be used. It is also assumed 
that the gas enters the hole as slug whereupon the well is shut-in 
to prevent further entry. Consequently, its shape will deform as 
a function of the fluid velocity profile as it is displaced. The 
model calculates the fraction of annulus occupied by gas 
contaminated mud, f̂ ,̂ as a function of depth (Fig. 6.4). Also, by 
integrating the individual flow rates of each grid, the flow rate 
of gas contaminated mud as a function of time at a given depth 
can be calculated. Since most conventional kick models assume 
that the kick travels at an average velocity, a more realistic kick 
profile with displacement is obtained with this approach. Once 
again, the velocity profiles predicted by the eccentric model can 
be used to track the displacement of a gas kick in an oil-base mud 
as long as it remains in solution. Once the gas bubbles come out 
of the liquid phase, the model would have to be modified so it 
could account for gas expansion, bubble rise velocity or slip
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velocity. The question of gas bubble rise and slip velocity has 
been investigated by others (Casariego, 1987} and it is not the 





t=0 t= t l
Fig. 6.4 A schematic of kick profiling
6.2.1 An Example Case
A 4.5" OD drillstring is in a 10 in. diameter hole, 6000 ft 
deep. While it is being drilled with an oil-base mud (n=0.7 and 
K=300 eq. cp), a gas kick is taken. The kick goes into solution and 
contaminates 30 bbl of mud. The gas contaminated mud is 
circulated out at 150 gpm while an adjustable choke is used at 
the surface. Assuming that the choke pressure is high enough to 
keep the gas in solution, and ignoring the expansion of the oil-
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Fig. 6.5 Kick profile in concentric annulus, e=0
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base mud as It approaches the surface (constant density), the 
model tracks the location of the kick. Fig. 6.5 shows the areal 
fraction of gas contaminated regions during the displacement 
assuming the annulus is concentric. The kick is at the bottom of 
the hole as a slug at time zero. Later, as displacement occurs, 
the kick begins to smear (fractions less than 1). After 30 and 60 
min. of displacement, a high concentration leading edge is 
observed. The dashed lines show the location of the kick if the 
kick is assumed to be moving at the average velocity. Notice that 
the fraction is always one in that case. The flow rate cf 
contaminated mud at the surface is shown in Fig. 6.6. If the 
volume of gas dissolved in oil is known, then the gas 
contaminated mud flow rate could be converted to a gas flow 
rate.
at surface
o. 6 0 -Ü)




6 0 7 05 0 8 0 90 100 110 120 130
Time, min
Fig. 6.6 Flow rate of contaminated oil-base mud at the 
surface, e=0
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Fig. 6.7 Kick profile in eccentric annulus, e=0.5
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Fig. 6.8 Flow rate of contaminated oil-base mud at the 
surface, e=0.5
For an eccentricity of 0.5, the predicted kick profiles are 
longer and; therefore, less concentrated (Fig. 6.7) The strong 
smearing is the expected outcome of the velocity profiles in an 
eccentric annulus. The first gas show at the surface, in this 
case, is much earlier and flow rates are lower (Fig. 6.8).
In this study, the eccentricity and viscous properties of the 
mud have found to be important parameters in calculating arrival 
time of a kick and the degree of kioK smearing.




1. The previous studies of eccentric annular flow with a slot 
flow approximation have been shown to employ an inadequate 
equation of motion.
2. The equation of motion has been derived with a new set of 
dimensionless groups that allows the evaluation of constant 
flow rate cases. Also, complex Yield-Power law (Hershel and 
Bulkley) rheological model has been incorporated into the 
equation of motion.
3. A rigorous numerical solution of the equation of motion has 
been developed to predict velocity profiles, viscosity 
profiles, and frictional pressure loss gradients in eccentric 
annuli.
4. The velocity profiles are substantially altered in the annulus 
when the inner pipe is no longer concentric. A high velocity 
region in the wide part of the annulus and a low velocity 
region (sometimes stagnant) in the narrow part of the 
annulus are calculated.
83
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5. The average velocities have been found to be far from
representative of the velocity profile in eccentric annuli.
6. The viscosity profiles generated for non-Newtonian fluids
have shown that extremely high viscosity regions exist in
most of the flow area, implying very little or no shear at all, 
and low viscosity regions near the pipe walls if a steep
velocity profile exists.
7. Therefore, non-Newtonian fluids have been shown to flow 
over a loi 
flow rate
ng range of shear stress-shear rate curve at a given
8. Apparent viscosities calculated near the pipe walls have been 
shown to be much lower than the overall viscosity profile 
revealed in the flow area.
9. The eccentricity is an important factor in calculating 
frictional pressure losses. In most cases, a 50% reduction in 
frictional pressure loss gradient is realized when inner pipe 
is fully eccentric, as compared to concentric annular flow at 
the same flow rate.
10. A correlation has been developed from the model generated 
data to calculate frictional pressure losses of Power law
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fluids in eccentric annuli.
11. The model has been extended to surge pressure calculations 
by allowing inner pipe movement. The velocity profiles and 
frictional pressure loss gradients in concentric and eccentric 
annuli are calculated. The correlation developed for Power 
law fluids has been found to be valid in this case as well.
12. A simple technique of kick tracking in oil-base muds has been 
presented.
7.2 Recommendations
1. The extremely low shear rate region (0.001 to 1 sec'') for 
typical drilling fluids should be investigated experimentally.
2. The study raises questions on the validity of the concept of 
an average velocity in an eccentric annulus and the apparent 
viscosity of non-Newtonian fluids in general. A theoretical 
work should be conducted to modify or replace the average 
velocity and the apparent viscosity concepts.
3. The applications shown here should be extended to full 
models, and effects of eccentricity on other problems need to 
be investigated.
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APPENDIX A
TRANSFORMATION OF THE EQUATION OF MOTION 
TO BIPOLAR COORDINATES
The equation of Motion in the cartesian coordinate system is:
AL d x  \  d x j  d y  \  d y l
(A.1)
The transformed equation in bipolar coordinates should look like 
(Spiegel, 1968):
APf , 1
AL hih2 3e \h i  3 c /  3t| \ h 2 3ri/.




The relationship between the cartesian and bipolar coordinates 
are defined by:
91
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x = — asintu—  (A.5)
cosh e - cos T\
y  (A.6)
cosh e - cos T|
Now, taking the derivatives of Eqs. A.5 and 8, the coefficients ĥ  
and hg can be evaluated.
(A.7)
9e
(cosh e - cos Tif
-a sinh e .sin T]
(cosh e - cos n f
a (cosh 6 .cos T| - l)
(cosh e - cos T[f




(cosh e - cos r \ f
Substituting Eqs. A.7 and A.8 Into Eq. A.3, and simplifying, we get:
hi = ----------a---------- (A.11)
cosh e - cos Ti
Similar treatment of Eq. A.4 yields:
h2 = ----------®---------- (A. 12)
cosh e - cos T|
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We observe that hi=hg which simplifies the Eq. A.2. Substituting 
the values of ĥ  and hg into Eq. A.2 and rearranging the terms, we 
have the equation of motion in bipolar coordinates.
cosh £ - cos
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APPENDIX B
DERIVATION OF THE DIMENSIONLESS 
EQUATION OF MOTION
The equation of motion (3,22) 4n bipolar coordinates is expressed 
as:
also a = Tj sinh e; = Tq sinh Eo (B.2)
\\f = cosh e - cos T| ( 6o ^ e < £j, 0 < ti < 27t ) (B.3)
where = frictional pressure loss gradient, M L ' ^ T ^
AL
p = viscosity, M L*̂
V = velocity, L T*̂
Tq = radius of inner pipe, L
rj = radius of outer pipe, L
for a Yield-Power law fluid, the viscosity term in above equation 
is given by Eqs. 3.28 and 3.30:
94
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Y = ¥
a - V  W
(B.5)
the dimensionless velocity and dimensioniess frictional pressure 
loss gradient are defined by Eqs. 3.32 and 3.33 which can be 
rearranged as:
(B.6)
A E l  =  1 K Î  l 2 - n  y
AL -
(B.7)
substituting Eq. B.6 into B.5, shear rate can be expressed in terms 
of dimensionless velocity:
Y = ( - ! ^ i2 - n - ^ - l— Yb 
\p ro^j sinh Eo
(8 .8)
where dimensionless shear rate, yd* 's defined as:
Y =
\  d e  J I\ '"I
(B.9)
thus, the viscosity can be written as:
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\  p"-'
where dimensionless viscosity, is defined as:
^  sinh Eo + lâMLÊoV (B.11)
lb I % j
also by definition the dimensionless yield point is
Td = -------^ -------  (8.12)
W - n
(P" ro="j
Now, combining these equations into Eq. B.1, The final form of the 
dimensionless equation of motion in bipolar coordinates is 
obtained:
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APPENDIX c
FORTRAN LISTING OF THE ECCENTRIC ANNULAR FLOW MODEL
THIS PRSGRAM calculates  THE VELOCITY AND VISCOSITY PROFILES 
FOR LAMINAR FLOWING YIELD-POWER-LAW FLUIDS IN ECCENTRIC 
ANNULI. IT ALSO NUMERICALLY INTEGRATES THE VELOCITY PROFILE 
OVER AREA TO OBTAIN FLOW RATE.
BY M. HACI 8 /2 4 /3 3  -  l SU
IN IT IA L IZ IN G  AND READING DATA 
IM P L IC IT  REAL»8 (A -H tO -Z )
DIMENSION A(5 2 , 8 2 ) , B( 5 2 , 3 2 ) , C (5 2 , 8 2 ) , 0 ( 5 2 , 3 2 ) ,3AREA(52,8 2 )  
DIMENSION P (5 2 ,8 2 ) ,Q (5 2 ,3 2 ) ,V (5 2 ,8 2 ) ,V N ( 5 2 ,8 2 )
DIMENSION V l ( 5 2 , 8 2 ) , V IS l ( 5 2 , 3 2 ) , V IS 2 ( 5 2 , 8 2 ) , GARE(5 2 ,3 2 )  
DIMENSION V IS P I (5 2 ,8 2 ) ,V IS B 1 (5 2 ,8 2 ) ,V IS P 2 (5 2 ,8 2 ) ,V IS B 2 (5 2 ,3 2 )  
DIMENSION DELX(82),T0TL(82)
R E A D (5 ,» ) D 2 ,D 1,E ,X N ,X K ,T A U 0,R H 0 
R E A D (5 ,* ) DPDL,QFLOW
R E A D (5 ,# ) N3R IDX,NG RIDY,N ITER,C0N LIM 1,C0N LIM 2 
READ(5T») MV£LO,MVISC
NOMENCLATURE:
D2 -  OUTER PIPE DIAMETER, IN .
01 -  INNER PIPE DIAMETER, IN .
E -  ECCENTRICITY, D'LESS
XN -  FLOW BEHAVIOR INDEX, D'LESS
XK -  CONSISTENCY INDEX, EQ. CP
TAUO -  YIELD POINT, LB /100 SQ. FT
RHO -  DUMMY VARIABLE, PPG
DPDL -  FRIC. PRESS. LOSS GRAD., P S I/FT
3FL0W -  EXPECTED FLOW RATE, GAL/MIN
N3RI0X -  # OF GRIDS IN ETA DITECTIQN
NGRIDY -  # OF GRIDS IN EPSILON DIRECTION
NITER -  MAX. 8 OF ITERATIONS
CONLIHl- CONVERGENCE LIMIT
C3NLIM2- CONVERGENCE LIMIT
MVELO -  »1" PRINTS VELOCITY PROFILE
HVISC -  PRINTS VISCOSITY PROFILE
V IS L IM = l.D -6
VGUESS=QFLOW/(2:448#(D2#D2-D10D1))
I F ( E . L T . 0 .0001) E=0.0001 
IF (E .G T .0 .9 9 )  E=0.99  
Z N = l/ (2 -X N )
T A U D = 4 .7 3 8 # T A U 0 *((R H 0 /8 .3 4 )# » X N *(D 2 » 1 .2 7 )*» (2 » X N )/
* (X K /1 0 0 )*» 2 )# *Z N
FC 0N S T=2262 .06 *( (R H 0 /8 .34 )# *X N »(D 2*1 .27 )9 * (2+X N )/
$(XX/100)»#2)##ZN
F=0PDL*FC0NST




V IS C O N = (X K /1 0 0 # (R H O /8 .3 4 )*# (1 -X N )* (0 2 *1 .2 7 )# * (2 -2 » X N ))# *Z N » 1 0 0
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c CALCULATING THE BOUNDARIES OF THE PIPES IN BIPOLAR COORDINATES 








DO 24 J=1,NGRIDX 
I=NGRIDX-J*1  
X 3 = ( I + 1 . ) / I  
X?=NGRIDX+1















STARTING LINE-BY-LINE METHOD, SETTING THE COEFFICIENTS AT 
THE BOUNDARIES 
DO 51 1=2,12  
A ( I , 1 ) = 1 .
B ( I , 1 ) = 0 .
C ( I , 1 ) = 0 .
D ( I , 1 ) = 0 .
P ( I , 1 ) = B ( I , 1 ) / A ( I , 1 )
Q ( I , 1 ) = D ( I , 1 ) / A ( I , 1 )
P ( I , J l i
51 Q (I,J1>= .
GUESSING A VELOCITY FIELD 
DO 52 1=1,11  
DO 52 J=1,J1  
V(I,J)=VGUESS
52 IF ( J .E Q . l .O R .J .E Q .J l )  V ( I , J ) = 0 .
WRITE(6,511) S,S,XN,XK,TAUO,DPDL,VISLIM,FCONST
S,QCONST,VCONST,V1SCON,V6UESS«VCONST 
511 F O R M A T ! / / , 3 X , 'D A T A : ' , / , 3 X , 'D l / D 2 = ' ,F 5 . 3 , 5 X , 'E = ' , F 5 .3 ,4 X , 'N = ' ,
* F 7 .4 ,3 X , 'K = « ,F 7 .2 ,«  EQ. C P ',3X , 'Y IE LD  P O IN T= ',F5 . 1 ,
S ' LB/100 SQ. F T ' , / , 3 X , 'D P / D L = ' , F 1 0 . 8 , '  P S I /F T ' ,2 X ,  
$ / / ,3 X , 'V IS L = ' ,E 1 2 .5 ,3 X , 'F C 0 N S T = ' ,£ 1 2 .5 ,3 X , 'Q C 0 N S T = ' ,E 1 2 .5  
S , / ,3 X , 'V C 0 N S T = ' ,E 1 2 .5 ,3 X , 'V IS  C 0 N S T = ' ,E 1 2 .5 ,3 X , 'V A V G = ',F 6 .3 , 'F T /S  
$ , / / / , 3X ,'FL0V RATE CALCULATIONS:')




0 J ; :
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îiPzAT::j: re : l t a i n  an «i « p r : v =3 v z l o c i t y "  f i £ l d
130 CONTINUE
COMPUTING AN AVERAGE VELOCITY AT THE SOUTH-WEST CORNER OF 
EACH CCNTR3L-V0LUME 
DO 53 1=2,11  
DO 53 J=2,J1
53 V 1 ( I , J ) = . 5 * ( D E L X ( I - 1 ) * ( V ( I , J ) + V ( I , J - 1 ) ) + D E L X ( I ) * ( V ( I - 1 , J ) +  
* V ( I - 1 , J - 1 ) ) ) / ( D E L X ( I ) * D E L X ( I - 1 ) )
C CALCULATING VISCOSITY AT THE WEST FACE OF EACH CONTROL-VOLUME 
DO 31 1=2,11  
DO 31 J=2,J2
D V D X l= D A E S J V ( I ,J ) -V ( I - l f  J ) ) / ( ( D E U ( I - l )  + D E L X { I ) ) /2 )
D V D Y l= D A B S t V l ( I ,J ) - V l ( I ,> l ) ) /D E L Y
IF (J .E Q .2 .Q R .J .E Q .J 2 )  DVDYl=4»DVDYl/3
C1=DVDX1«'DVDX1+DVDY1*DVDY1






I F ( X N . L E . l . )  V IS P l ( I i ,J )= D A B S ((D S I /S H l) * * ( l -X N ) ;
IF ÎX N .G T .1 . )  V IS P ia ,J )= D A B S ({ S H l /D S l )^ * (X N - i ) )
31 V IS 1 ( I ,J ) = V I S P 1 ( I , J ) + V IS B 1 ( I , J )
c
C CALCULATING VISCOSITY AT THE SOUTH FACE OF EACH CONTROL-VOLUME 
DO 32 1=2,12  
DO 32 J=2,J1
D V D X 2=D A B S (V 1( I ,J ) -V 1 (I*1 ,J )} /D E LX C I)
D VD Y 2=D A B S (V { I,J ) -V (I ,J -1 )) /D E L Y
IF (J .E Q .2 .0 R .J .E Q .J 1 J  DVDY2=DVDY2*2.
C2=DVDX2»DV0X2+DVDY2»0VDY2
IF (C 2 .L T .V IS L IN )  C2=VISLIM
E T A =T0T L(I- l )+ D E L X (I> /2
EPS=EPS2«-(J-2)*DELV





I F I X N . L E . l . )  V ISP.2(I ,JJ=DABS(tDSI/SH2)o*(l-XM)>
IF C X N .G T . l . )  V IS P 2 ( I ,J )= D A B S ((S H 2 /D S I)# » (X N -D )
32 V IS 2 ( I ,J ) = V I S P 2 ( I , J ) + V IS B 2 ( I , J )
C COMPUTING THE COEFFICIENTS OF THE TDMA EQN.
DO 54 1=2,12  
DO 54 J=2,J2  
DELS=DELY 
DELN=DELY
D EL E =(D E LX (I )+ D E L X ( I* l ) ) /2  
D £L W = (D E LX (I)+D E LX (I- l) ) /2  
IF (J .E Q .2 >  DELS=DELY/2.




A S= V I32 ( I ,J )*D I /D E L S

































































B (I tJ )= A M
C (I« J )= A S
I P ( I . 5 Q . 2 )  J )= V ( I» J )
I F d . E Q . I 2 )  V ( I '> i» J )= V ( I» J )
ETA=TOT'_d-l)+DELXd ) / 2 .
EPS=EPS2*(J-2)*DELYfDELY/2.
XI=DCOSH(EPS)-DCOS(ETA)
GAREdf J )= D S I*D S I /X I /X Io D I*D J  
0 ( I ,J )= A E # V ( I+ 2 ;  j ) + A W » V d - l ,J )  + G A R E (I , j )»F  
P ( I , J ) = B d , J ) / ( A { I » J ) - C ( I t J ) * P ( I » J - l ) >
Q { I » J ) = ( C { I , J ) * Q < I , J - 1 ) + D ( I , J ) ) / ( A ( 1 , J ) - C ( I , J ) * P ( I , J - 1 > )
54 CONTINUEC
C CALCULATING "NEW" VELOCITY FIELD 
DO 35 1= 2 ,1 2  
DO 55 N = 2 tJ2  
J= J2"N +2
55 V N ( I , J ) = P { I , J ) « - V ( I , J + 1 )  + Q ( I ,J >
DO 355 1 = 2 ,1 2
DO 555 J=2 ,U 2 
555 V ( I , J ) = V N d , J )
C COUNTING NUM3ER OF ITERATIONS 
IPRINT=IPRINT+1 
ITER=ITER+1
IF ( IP R IN T .E Q .5 0 )  GO TO 500 




V IS T = 0 .
AR£A=0.
C CALCULATING FLOW RATE 
DO 57 1=2,12  






W R IT :(6 ,7 0 )  ITER,QT*QCONST,VAVG*VCONST,VISLIN 
70 F0RHAT(3X,«N0. ITER=b, I4 ,3 X , 'F L 0 W  RATE=®,F8.1 ,*  GPM«,3X, 
*«AVG. V E L 0 = ' ,F 8 .3 , '  F T /S • ,3 X ,» V IS L IN = * ,E 1 2 .5)
IF(DABS( ( QTl-QT)/QT).LT.CO NLIM l) GOTO 444 
QT1=QT
C LIMIT ON NUMBER OF ITERATIONS 
IF d T E R .L T .N IT E R ) GO TO 100 
GO TO 445
444 W ISLIM =VISLlM*l.D-2  
IF (Y IS L IM .L T . l .D -5 0 )  GO TO 445 




C PRINTING VELOCITY FIELD
IF(MVELO.NE.l) SO TO 800
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o: 3 i  j = i * J i  
DO 61 1=1,11 




K R IT = (6 ,71 )  IPCHER
71 F0RMAT(//,3X,'VELOCITY PROFILE: (F T /S >‘ , / / ,3X,'MULTIPLY SY E ' , I 2 )  
DO 56 N=1,J1
J=J1-N+1




PRINTING VISCOSITY FIELD 
IF (M V IS C .N E .l )  GO JO 301 
MRITE{6,72)
72 FORMAT!'l ' ,3X, 'V ISCO SITY PROFILE: ( C P ) » , / / )
DO 89 N=2,J2
J=J2-N+2
MRITE!6 ,122 ) Ü V I S 2 ! I , J ) + V I S 2 ! I , J ^ 1 ) ) * V IS C 0 N /2 ,1=2 ,12 )






IMPLICIT REALMS !A -H ,0 -Z )
IP0HER=0
P0WR=1.
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